This paper examines the hypothetical retirement behavior of defined contribution (DC) pension plan participants. Using a Monte Carlo simulation approach, we compare and discuss three retirement decision models: the two-thirds replacement ratio benchmark model, the optionvalue of continued work model and a newly-developed "one-year" retirement decision model. Unlike defined benefit (DB) pension plans where economic incentives create spikes in retirement at particular ages, all three retirement decision models suggest that the retirement ages of DC participants are much more smoothly distributed over a wide range of ages. We find that the one-year model possesses several advantages over the other two models when representing the theoretical retirement choice of a DC pension plan participant. First, its underlying theory for retirement decision-making is more feasible given the distinct features and pension drivers of a DC plan. Second, its specifications produce a more logical relationship between an individual's decision to retire and his/her age and accumulated retirement wealth. Lastly, although the one-year model is less complex than the option-value model as the DC participants' scope is only one year, the retirement decision is optimal over all future projected years if projections are made using reasonable financial assumptions. 
Introduction
It is widely known that defined contribution (DC) pension plans are on the rise around the world in the private pension plan domain as well as in state pension systems, in both developed and nondeveloped countries 1 . As DC pension plans emerge, more consideration should be given to the consequential effect on retirement behavior patterns. Defined benefit (DB) pension plans have historically dominated the pension plan world and past published research has focused almost exclusively on the retirement behavior of DB plan participants while saying very little on the retirement conduct of DC plan participants. For instance, numerous studies have investigated the influence of DB pension plan benefits on retirement behavior using the popular "option-value of continued work" retirement decision model (Stock and Wise, 1990a) , including Wise (1990a, 1990b) , Lumsdaine et al. (1990 Lumsdaine et al. ( , 1992 Lumsdaine et al. ( , 1994 , Samwick (1998a) , Hakola (1999) , Coile and Gruber (2000) , Harris (2001) , Samwick and Wise (2001) , Hurd et al. (2003) , Piekkola and Deschryvere (2004) , Gruber and Wise (2004) , and Asch et al. (2005) . A central feature in the development of the option-value model was to capture the influence of pension benefit incentives on the retirement decision. It has been predominantly used to model the retirement behavior of DB participants since important incentives are present in the DB pension accrual pattern. For instance, this decision model takes account of DB plan rules concerning early and sometimes late retirement.
Our goal is to investigate the less familiar retirement decision-making process of a worker with a DC pension plan. Retirement decision models found to be helpful in capturing the retirement behavior of DB plan members may or may not be be suitable in describing a DC member's approach to retirement. Recent empirical studies have suggested that the rules governing retirement behavior under a DB pension plan do not match those under a DC pension plan. Friedberg and Webb (2000) reported that they have found substantial changes in the retirement patterns among US workers, to which they attributed to the spread of DC type plans in the US. This paper explores three hypothetical approaches taken among DC plan participants in their decision to retire. We first examine the two-thirds retirement decision model, where workers retire once their accumulated pension fund can replace two-thirds of their earnings. This model can be criticized as not being "forward looking" since potential increments in future pension and employment income do not affect the retirement decision. We next consider the option-value of continued work model (Stock and Wise, 1990a) , which takes into consideration all future retirement opportunities in the retirement decision. The option-value model is a well developed and researched model that has been discussed and applied by numerous authors as noted above. Finally, we present the one-year (OY) retirement decision model. The two features that distinguish the OY model from the option-value model are (1) the OY model approaches the retirement decision by regarding only the added value of delaying retirement by one year rather than all future retirement possibilities, and (2) there is a second leisure component in the OY model. This study builds on the stochastic simulation model developed in MacDonald and Cairns (2007) , which is summarized in Section 2. Section 3 follows, describing each retirement decision model 2 . Section 4 explores the theoretical retirement behavior of DC pension plan members.
Section 5 presents the simulated results. Section 6 investigates the optimality of the retirement choice generated by the OY model. Section 7 examines the implied relationship between an individual's choice to retire and his/her current pension and age under each retirement decision model. This section also tests the sensitivity of the utility function parameter estimates. Section 8 gives a few suggestions for future work and, finally, Section 9 summarizes the primary findings.
The conclusions reached in this paper are theoretical -they are based on a qualitative examination of the three models (Section 4) and the simulated retirement behavior generated by each (Sections 5, 6 and 7). In future work, we hope to ascertain which of the models best describes the retirement behavior of DC participants by testing each model against empirical data.
Model and Assumptions
This study stochastically simulates the retirement decision behavior of DC participants. To do so, we simulate the worker's financial career path, savings accumulation and choice to retire using the approach outlined in MacDonald and Cairns (2007) , except we now include two additional retirement decision models. The following is a brief bullet point summary of the assumptions:
• All private and public sources of retirement income are treated as a single DC pension plan.
• The DC pension plan is a pure design in the sense that we do not include any government/employer imposed restrictions. For instance, there exists neither a minimum pension guarantee, a minimum period of enrollment for vesting, nor a mandatory retirement age.
• Five assets are available for investment: equities, fixed-income bonds, index-linked bonds, risk-free one-year bonds (cash) and index-linked cash.
• There are 581 available portfolio strategies, each containing a different combination of the five assets. We test the portfolio's exposure to bonds, index-linked bonds and equities in increments of 10% of the total portfolio. We examine only 20% increments for cash and index-linked cash since they play a minor role in the outcome (Section 5 finds that they are not optimal investment choices).
• The Vasicek interest rate model (Vasicek, 1977) underpins the dynamics of the economic variables.
• The relationship among the annuitization rates, financial market rates of return and earnings growth are modeled from year to year.
• The participant's earnings model is composed of the prevailing level of inflation and real wage growth, which are both stochastic. It also includes a merit scale that is a deterministic function of years of employment.
• A participant begins working at age 20, enters the DC pension plan at age 25, has no dependents, makes an annual 10% of earnings contribution to his/her retirement account and chooses a static asset allocation strategy. A short examination of the effect of varying these assumptions was done in MacDonald and Cairns (2007) .
• We assume neither taxes, expenses, nor allowances for profit in the financial assets' pricing, the management of the DC plan, nor the cost of purchasing annuities.
• We rely on fixed income annuities as the funding medium benchmark to calculate the pension benefit income available from the accumulated DC funds.
• The annual mortality rate is a fixed blend of 50% of the male mortality rate and 50% of the female mortality rate in the 2002 United States Life Tables (Arias, 2004 ).
• We assume that retirement patterns, asset demand and labour force participation rates do not affect the market equilibrium asset returns or the wage earnings, although in reality we would expect some feedback 3 .
• We consider retirement an absorbing state and a retired member cannot reenter the workforce.
MacDonald and Cairns (2007) explained the rationale behind our assumptions. Our modeling is not country-specific and it does not include any country's labour laws or tax and transfer system. Including the contemporary complexities of regulations and tax incentives for any particular country at this stage would convolute the analysis since the results would be blurred by the country's public policy rather than the effect of using alternative retirement decision models 4 . Unfortunately, owing to its complexity, even existing published research of a more practical nature nearly universally ignores labour laws, taxes and government transfers when analyzing the value of income generated from DC style accounts 5 . Moreover, as far as we can find, previously published work employing the option-value model has neglected the important role played by the country's tax and transfer system by inputting wage earnings and retirement benefits before tax.
Retirement Decision Models
This section outlines the two-thirds, option-value and OY retirement decision models.
Two-thirds Retirement Model
The two-thirds model, described in MacDonald and Cairns (2007) , states that a DC member retires once his/her DC account can replace two-thirds of his/her current earnings.
We calculate the pension purchasable by dividing the accumulated pension wealth, PW (t), by a life annuity factor,ä x (t). The pension income divided by the individual's preretirement earnings is referred to as the replacement ratio, RR(t):
where 3 MacDonald and Cairns (2009) studied the potential impact of feedback among these variables. 4 For example, if a country promoted retirement at a particular age by giving preferential tax treatment to retirement income over wage income, then this tax wedge would generate results skewed to that age for all of the retirement decision models. Additions of this sort would increasingly create difficulties in distinguishing public policy incentives from the retirement decision behavior implied by the features of the models.
5 Samples of this line of research include Blake et al. (2003) ; Dus et al. (2004) ; Horneff et al. (2007) , and Milevsky and Young (2007) . 4 t: current time;
x: member's current age at time t; a x (t): the annuity factor at time t for an individual aged x (see Appendix B for formula); PW (t): the worker's accumulated DC pension wealth at time t; and Y (t): the worker's earnings at time t.
The plan member retires as soon as the replacement ratio exceeds two-thirds; that is:
The two-thirds benchmark is an adequate earnings replacement level according to the range given in a report prepared by the Canadian Institute of Actuaries (1996) . It is also near the actual average replacement ratio, measured from all sources of retirement income, in each of the OECD countries (Disney, d'Ercole and Scherer, 1998 ) (see MacDonald and Cairns (2007) for a further discussion on the two-thirds target).
The two-thirds model implies that the retirement decision is directly responsive to wealth shocks. Sevak (2002) showed that workers in the 1990s reacted to the positive wealth shocks by retiring earlier. Arriving at the same conclusion, Coronado and Perozek (2001) also proposed that the likely cause of the delay in retirement among workers following the 1990s was the poor equity performance.
Age enters indirectly into the retirement decision since the annuity factor becomes cheaper with age owing to the increasingly higher mortality premium in the annuity's pricing.
Option-value Retirement Decision Model
The option-value model, developed in Wise (1990a, 1990b) , stipulated that at the beginning of each year the individual chooses to retire or to continue working based on the potential value he/she expects to derive under each option. It assumes that a worker intuitively compares the value of immediate retirement with the maximum expected value of retiring at all future ages. Retirement is delayed if the latter value exceeds the former. When considering the value of continued employment, the workers take into account both the income they could earn from future employment and the extra pension wealth they could accumulate. This is weighed against the value of immediate retirement, bringing with it the lure of leisure together with a pension funded by their DC account.
The option-value model is among the structural retirement decision models that began to surface in the 1980s 6 . These models are characterized as employing utility functions to optimize the retirement decision over the entire lifetime consumption of the worker (Hurd et al., 2003) . Stock and Wise (1990a) discussed the benefits of the option-value model over the existing approaches that had been used to analyze retirement behavior. They explained that embedded in some retirement decision models is the assumption that individuals know with confidence their future finances, such as wage earnings, at the time of calculation and that the information is not updated with the emergence of actual experience. Furthermore, they criticized the lack of "forward looking" features in models that do not allow increments in future pensions to affect the decision to retire. The optionvalue model overcomes these drawbacks as it is both dynamic and "forward-looking". In addition, not only is the option-value model convenient to estimate (Burkhauser et al., 2003) , several papers concluded that the option-value model performs equally well, if not better, in explaining and predicting the behavior of individuals than the more computationally complex alternatives, such as the dynamic programming model (Lumsdaine et al., 1990; Burkhauser et al., 2003) . The primary measure of predictive validity was the ability of the model to accurately predict the actual behavior effect brought about by policy changes. Comparisons were also made with simpler models, such as the reduced form hazard model (Burkhauser et al., 2003) and several probit models for different determinants of retirement (Lumsdaine et al., 1990) , all of which were outperformed by the optionvalue model. Furthermore, Samwick (1998a) showed that the calculated option-value of continued work performed better as a predictor of retirement in a probit equation than simple one-year retirement accruals. Coile and Gruber (2000) similarly concluded that workers are affected far more by the pension incentives available over their entire lives, measured by the option-value, than the basic coming year pension accrual, by also comparing their effects as a variable in a probit model.
For the most part, the option-value model has been used to study the effects of DB pension plan provisions on the retirement choice, whether it be specific large firm pension plans (Stock and Wise, 1990a; Lumsdaine et al., 1990 Lumsdaine et al., , 1992 Asch et al., 2005) and/or aspects of US Social Security (Stock and Wise, 1990b; Lumsdaine et al., 1994; Samwick, 1998a; Hakola, 1999; Coile and Gruber, 2000; Harris, 2001; Samwick and Wise, 2001; Gruber and Wise, 2004; Hurd et al., 2003; Piekkola and Deschryvere, 2004) . Although its application has been predominantly within a DB plan framework, it has also been used to model the behavior of DC participants. For example, Stock and Wise (1990a) and Lumsdaine et al. (1994) simulated the retirement behavior of individuals under a DC plan using the option-value model to analyze the behavioral consequences of switching to this plan design. Its application, by the primary developers of the model, to describe the retirement behavior of DC participants justifies its relevance in our study.
In summary, key assumptions in the option-value model include:
• A participant re-evaluates his/her retirement decision every year as new information becomes available.
• A participant considers all future pension possibilities when contemplating retirement.
• In the context of a DC plan, the factors influencing the decision to retire are the worker's level of wealth, desire for leisure, current earnings, risk aversion with regard to income stability, personal discount factor, the price to annuitize and economic projection assumptions.
The option-value model, described fully in Stock and Wise (1990a) , is explained briefly here. When determining whether to retire at time R, the worker weighs the utility of future income using the discounted utility value function:
where ! R−1 s=t (.) = 0 if R = t, s−t p x is the probability of survival in the next s − t years for someone aged x, and: V R (t): discounted utility value function at time t conditional on retirement at time R; To simulate the option-value model, we divide current consumption by current earnings, Y (t), to compensate for the corrosive effect of earnings inflation on the disturbance terms, %(s) and &(s), in Eqs. (3) and (4) below. For this reason, the utilities measured from time t are functions of C R (s)/Y (t) and C(s)/Y (t) rather than C R (s) and C(s). Y (t) is, however, an exogenous constraint in the maximization of utility. This adjustment was not necessary in past published research employing the option-value model since, for instance, the majority of authors, including Stock and Wise (1990b) , estimated the option-value model with a single year's data and considered only the retirement probability in a single year. In our study, however, we simulate the retirement decision in every year of the worker's career, making this type of adjustment necessary.
The first term on the right-hand side of Eq. (2) is the discounted utility of future working income net of pension contributions, and the second term is the discounted utility of future pension benefits after retirement. Stock and Wise (1990a) parameterized the utility functions of wage and retirement income at time t as:
and
where:
k: relative value of income during retirement (fixed parameter) arising from the increased utility from leisure after retirement (k ≥ 1); and ': risk aversion (fixed parameter).
The utility derived from annual income is the sum of a power utility function 7 (with a multiplicative leisure component during retirement), and a disturbance term distributed independently of income and age. The disturbance terms, %(s) and &(s), are individual-specific random effects such as individual preference for work versus leisure or evolving health status. Stock and Wise (1990a) assumed the disturbance terms follow a Markovian (first order autoregressive) process:
7 Merton (1969) explained the benefits of using the power utility function and constant, non-negative time preference.
The option-value of postponing retirement equals:
• the maximum of the expected discounted utility values of retiring at each future age
• minus
• the expected discounted utility value of immediate retirement.
Combining the above equations, therefore, the option-value of continued work is defined as
, where E t (.) represents the individual's expectation about the future given the information at time t and R * is the retirement time (> t) that maximizes over all future retirement dates. We replace the full expectation (E t (.)) with the individual's "best estimate" in Appendix B for purposes of practicality and realism.
To measure the option-value of continued work, the following is calculated for every future year R to determine its maximum.
Retirement occurs if E t (V t (t)) ≥ E t V R (t) for all R > t, meaning that the option-value of continued work, E t (V R * (t)) − E t (V t (t)), is negative and there is no utility value expected to be gained from continuing to work. In Eq. (7), E t (.) is dropped for C t (t) and C(t) since they are observable at time
The model assumes that the individual knows %(s) and &(s) only at time s and not before. In Eq. (7), a participant forecasts future values of %(s) and &(s) using Eqs. (5) and (6), which reflects the anticipated persistence of individual circumstances over time based on the current information. The expectations of ) % (s) and ) & (s) are both zero in Eqs. (5) and (6); letting *(s) = %(s) − &(s), therefore, the disturbance term component of Eq. (7) is reduced to:
which is only dependent on the disturbance term at time t since the expected value of *(s) is ( s−t *(t) for all future years s. In Eq. (8), the further R is into the future, the larger the disturbance term component becomes since there are more years in the summation. In a given year, therefore, an older employee will have less uncertainty surrounding the value that he/she places on retirement at age x + R − t relative to a younger employee who considers the same retirement age. This is reasonable seeing that greater uncertainty should accompany longer planning horizons. Stock and Wise (1990a) set the random terms in Eqs. (5) and (6) to follow a random walk with ( = 1:
where the initial value, *(t), is i.i.d ∼ N(0,+ 2 * ) and independent of )(s), s ≥ t + 1. In our stochastic model, we simulate *(t) with + * Z(t) in the worker's year of entry, where Z(t) denotes independent standard normal random variables (i.i.d. ∼ N(0, 1)). In each consecutive year of simulation following the year of entry, we generate )(s) using + ) Z(s).
The two-thirds model assumes that the worker gives no weight to future retirement opportunities but retires as soon as he/she is satisfied with his/her accumulated wealth. If we remove the forward-looking feature and the random component in the option-value model, then it too would behave in this way. The option-value model states that the ratio of the utility of retirement to the utility of employment is kC R (s)/C(s)
' at any given age s (Stock and Wise, 1990a) . If the worker had no regard for the future and only considered utility in the current year then, according to our assumptions, retirement would occur if the earnings replacement ratio was sufficiently large. This is identical to the two-thirds model except the target replacement ratio is (1 − $)/k as opposed to two-thirds.
One-Year Retirement Model
The primary difference between the OY model and the option-value model is in the forward-looking feature. The option-value model assumes that workers consider all future retirement opportunities over their remaining lifetime before deciding to retire. On the other hand, the OY model assumes that workers only consider the added benefit of working a single additional year. More short-sighted still is the two-thirds model, which has no concern for future pension possibilities.
We express the OY model using the option-value notation that appeared in Section 3.2 to reinforce the similarities and differences between the two models. The OY model assumes that the worker weighs the discounted utility value of immediate retirement at time t against retirement at time t + 1. The discounted utility value of immediate retirement at time t is:
and the discounted utility value at time t by retiring at time t + 1 is:
V t+1 (t): discounted utility value function at time t conditional on retirement at time t + 1; As with the option-value model, C R (s) and C(s) are divided by current earnings, Y (t), to avoid the corrosive effect of earnings inflation on the leisure utility L and the disturbance terms. Y (t) is an exogenous constraint in the maximization of utility. We assume that the utility functions before and after retirement match those of the option-value model given in Eqs. (3) and (4), and therefore contain a leisure component of the multiplicative form (k) after retirement. Other than its one-year framework, a second distinguishing feature in the OY model is that the individual also gains a constant and additive level of utility from leisure upon retirement (L). In addition to the multiplicative leisure k, we include the additive form for the realistic effect that it generates in the retirement decision (see Section 7). When discussing the tradeoffs between taking an additive versus multiplicative approach, Lachance (2008) explained "(t)here is no consensus in the literature as to how the utility of leisure should be incorporated in a life-cycle framework. Each approach has its advantages and disadvantages" (pg.161).
The discounted utility of one year's future working income net of pension contributions is the first term on the right-hand side of Eq. (11) and the sum of the second and third terms is the discounted utility of future pension benefits based on retirement thereafter.
Letting E t (.) represent the individual's expectation about the future, based on information at time t, the retirement decision is made by comparing:
The first formula, Eq. (12), is the expected discounted utility value of immediate retirement and the second, Eq. (13), is the expected discounted utility value of retiring in one year's time. At time t, C t (t) = PW (t)/ä x (t) and C(t) = (1 − $)Y (t) are known; consequently, E t (.) in Eqs. (12) and (13) is dropped for C t (t) and C(t). In Appendix B, we make a realistic modification by replacing the full expectation (E t (.)) with the individual's "best estimate". Under the OY model, a worker chooses to retire if he/she does not expect to achieve a higher discounted utility value by delaying retirement another year; that is, similar to the option-value model, when :
is less than or equal to zero.
Final Remarks on the Retirement Decision Models
So far in this section, we have presented three hypothetical retirement decision models for a worker with a DC pension plan. The description of the OY and the option-value models in Sections 3.2 and 3.3 is, however, incomplete since the retirement decision formulas do not indicate how the workers form expectations of future circumstances (E t (.)). Appendix B provides this information. Further, the estimates for the retirement decision models' parameters are given in Table 1 None of the three retirement decision models directly include factors that are common causes of involuntary retirement. In both the option-value and OY models, health and other individualspecific effects are considered to be indirectly captured by the random component. Survey evidence suggests that health is an important influence in the retirement decision. For instance, in the 2006 Statistics Canada report on "A Portrait of Seniors in Canada", 65% of recent retirees indicated that they retired because it was financially possible (Turcotte, Liu, and Schellenberg, 2006) . 27% reported, however, that their reason for retirement was their health. In addition to health status, demographic characteristics such as gender, education, race, and marital status are not direct variables in any of the three models. Despite the Statistics Canada report, the role of health and other demographic characteristics in the retirement decision is unclear. For instance, Samwick (1998a) entered these explanatory variables in a probit model and found that they were insignificant determinants in the probability of retirement. Gustman and Steinmeir (2001) also found a lack of significance in several of these demographic variables in a similar study. In addition to demographic characteristics, it is possible that social norms and other behavioral biases are influential in the retirement decision, but they too are not directly included in the models examined in this study.
A Discussion of Retirement Decision Modeling
In this section, we explore the validity of ascribing the full "forward-looking" feature of the optionvalue model to a DC participant. The option-value model arose at a time when DB plans dominated the pension world. Its motivation was the important influence of pension benefit incentives on the retirement decision (see Section 3.2). To explore its fit in a DC environment, therefore, this section compares and contrasts the distinct features and pension drivers within each of the two plan designs.
The Uncertainty of DC Pension Income
By definition, the benefit income under a DB pension is "defined". Given that the pension plan does not fold nor the plan rules change, the potential pension income at any future retirement age could be projected with relative ease with one, and sometimes two, pieces of information -years of service at retirement and, in some plans, earnings history (for instance, a final average plan would require the worker's earnings history 8 , while a specified dollar benefit plan would not). To make a projection, the earnings history of a retiree with an analogous career track could provide a reasonable benchmark.
A DC pension plan is simply a fund into which the employer and/or employee make contributions. The fund accumulates with contributions and investment returns until the employee leaves the plan, at which time he/she could have the choice to annuitize the funds, take the benefits as a lump sum or roll the funds over into another retirement account, subject to labour and tax laws. Workers covered under a DC scheme face tremendous uncertainty regarding the annual pension income that they will receive after retirement, as the unknown variables include future earnings, future investment performance, and future annuity prices if annuitization is desired. Unlike future earnings, however, there is no reliable benchmark for the future financial performance of a well diversified investment portfolio. For instance, based on a review of over 320 papers, Siegel (2005) concluded that historical equity risk premiums are not a good indicator for the future. Further, financial projections are outside the grasp of the ordinary person as research has shown that people generally (including those highly educated) exhibit a low level of financial literacy and are unable to make simple financial calculations (see Brown (2008) for a review of the literature supporting this assertion). Moreover, owing to the extreme uncertainty in future financial markets, even financial experts are unable to accurately predict the pension income under a DC pension plan design. For instance, Blake et al. (2001) carried out simulations under several asset models and showed that the replacement ratio under a DC plan is extremely risky relative to that under a DB plan -that is, the range of possible replacement ratios generated by a DC pension plan was very wide. This uncertainty increases as the projection is extended further and further into the future.
The complexity and inaccuracy of far-off DC benefit projections suggest that the retirement decision model for a DC participant should not assume that far-off projections are made by workers in every year that retirement is contemplated.
The Age-Neutral Incentives of DC Pension Plans
In addition to having predictable benefits, the nature of the DB pension plan design typically includes strong economic incentives regarding the timing of retirement. It is, therefore, important and probable that DB plan workers take future pension opportunities into account when making retirement decisions. Generally, a DB plan can encourage an employee to delay retirement by:
• basing its retirement benefits on the worker's final wage earnings prior to retirement (this method is particularly effective if the worker's wage growth is high over his/her career), and/or
• reducing pension payments if the worker retires prior to becoming qualified for early retirement or the plan's normal retirement age.
A DB plan can promote early retirement by lowering their normal retirement age, providing generous early retirement benefits, offering retirement windows and/or limiting the permitted years of pension benefit accruals. In addition, a DB plan can be designed so that the pension benefits of employees who work beyond the normal retirement age are not actuarially adjusted, and consequently workers choosing to delay retirement would not be compensated for missed pension payments.
To illustrate the effect of the incentives historically provided by DB plans, Kotlikoff and Wise (1988) examined the average annual pension accrual as a proportion of earnings at each age for a number of DB pension plans in the US. The pension accrual between times t and t + 1 as a proportion of wage during that time (Y(t+1)) is:
where i is the nominal interest rate and PW (t) is the pension wealth associated with retirement at time t (as defined in Section 3). The PW (t) for a DB participant is generally equated to the expected discounted value of anticipated future retirement benefits (also known as the actuarial present value). The PW (t) for a DC participant is simply the size of his/her pension fund at time t. Of the 1,183 DB plans examined by Kotlikoff and Wise, the average weighted accrual rate as a proportion of wage:
• jumped in the first year of vesting (pension wealth is zero before vesting),
• gradually grew until the early retirement age (age 55),
• leveled somewhat between ages 55 and 60, and
• gradually declined until age 65, after which the accruals became negative.
This pattern of pension accruals clearly encourages retirement between ages 55 and 60, and certainly not past age 65 when there becomes a loss in pension wealth. Using 2,508 full-time employee data from Health and Retirement Study, Friedberg and Webb (2000) confirmed a similar pattern of age-related pension accruals for more contemporary US DB plans. They found that pension accruals rose and declined between ages 53 and 62, and became negative thereafter. The loss in pension wealth after the normal retirement age occurred because pension benefits were not actuarially adjusted -that is, "current benefits are foregone and future benefits are no longer raised" (ibid, pg. 5). These observed patterns were not as severe as they had once been, moreover, as the authors noted that 1986 US legislation mandated that workers continue to accrue credits beyond their normal retirement age and that the maximum allowable vesting period be reduced. The strong influence of DB economic incentives on retirement behavior is not limited to the private sphere. In a comparison across 12 countries with very different social security programs, cultural histories and labour market institutions, Gruber and Wise (2004) uncovered the large effect of social security incentives on retirement decisions. Based on analyses from each country, they studied the relationship between social security provisions and labour force participation. They found that there was a similar and significant reaction among employees in all countries to social security retirement incentives and disincentives. For instance, in most of the countries studied, the social security benefits were not actuarially adjusted after the early retirement age. Consequently, pension accruals became significantly negative, and it is to this disincentive for continued work at older ages that the authors attributed the large decline in labour force participation of older persons.
Overall, DB pension plans are generally severely backloaded, having considerable accruals leading up to the age of early retirement and much lower, perhaps negative, accruals following the normal retirement age. On the other hand, in the absence of government added inducements, a DC plan does not provide any economic incentive to retire or not retire since the DC accruals are steady from one year to the next (Gustman and Steinmeier, 2001) . We propose that a DC participant contemplating retirement would not find value in accounting for the accrual path of all future years since DC accruals are smooth -in essence, their lack of distinct incentive to retire at a particular future age removes the incentive to make the projection.
The One-Year Retirement Decision Model
The OY model assumes that workers consider only the potential benefit of delaying retirement by a single year when contemplating retirement rather than all future years as in the option-value model. In the OY model, the individual is not committing to retire in one year's time: he/she is simply using it as an informed point of comparison while considering retirement. The individual is aware that he/she can reevaluate his/her circumstances at any time if he/she decides to delay retirement. We chose a one-year scope because workers can generally have some certainty of retirement prospects one year in advance since many factors that affect the coming year's pension income, such as earnings, the risk-free rate of interest, and annuitization rates are known with some proximity at the beginning of the year (of course, any assurance is tainted by a risky investment strategy). Section 6 shows, moreover, that looking only one year ahead results in an optimal retirement decision owing to the age-neutral accruals of DC pension plans.
Simulated Results of Retirement Decision Models
This section presents the simulated retirement ages and replacement ratios that are generated under each retirement decision model. Figs. 1(a) , (b) and (c) plot the mean retirement age of 3,500 simulated lifetimes against its standard deviation, for each of the 581 portfolios described in Section 2. Every simulation generates the retirement choice under a different evolution of economic variables and individual-specific random effects. The "X"s mark the efficient portfolios that lie on the efficient frontier -they are labeled T0 to T100, OY0 to OY100 and OV0 to OV100, and Table 2 gives their composition 9 . Fig. 1 can be better understood with the following remarks:
• From the perspective of a member, the indicators of success are young retirement ages with low volatility. Thus, the superior portfolios are those with points in the lower and leftward portion of the opportunity set.
• For each retirement decision model, there tends to be a cluster of dots for each level of equity exposure. Table 2 : Moving from the top of the efficient frontiers to the bottom, this table lists the portfolio mix for T0 to T100, OY0 to OY100 and OV0 to OV100 in Fig. 1 . Table 2 lists the composition of the efficient portfolios T0 to T100, M0 to M100 and OV0 to OV100 (marked by "X"s on the efficient frontiers). Each point on the CDF curve shows the probability that the retirement age/replacement ratio falls below a particular level. We generate the CDF for an equity portfolio and an index-linked bond portfolio because they are both efficient assets under all the retirement decision models (that is, they are included in the efficient portfolios).
Min
For all three retirement decision models, a greater weighting in index-linked bonds is the most efficient investment decision when equities are avoided. In Fig. 1 , the lowest risk efficient portfolio under both the option-value model and the OY model is 100% index-linked bonds. For the twothirds model, the lowest risk portfolio is 70% index-linked bonds and 30% bonds. None of the efficient portfolios include cash and index-linked cash. As was observed in MacDonald and Cairns (2007) , allocating funds into equities hugely reduces the average retirement age -in fact, moving from no equities to a 100% equity portfolio reduces the average retirement age by over 10 years under each retirement decision model. The retirement age uncertainty also increases with the level of equity exposure; comparing the CDFs in Figs. 2(a) and (b) , nevertheless, a member is much more likely to have an opportunity to retire earlier if they hold a pure equity portfolio than a pure index-linked bond strategy, or any other combination of assets (that is, the majority of the CDF in plot (b) lies to the left of the corresponding CDF in plot (a)). As was found in Lachance (2003) and MacDonald and Cairns (2007) , having a flexible rather than fixed retirement age allows the worker to take on more investment risk, and benefit from the generally higher returns.
The four distributions delivered by the OY model in Figs. 2(a), (b), (c), and (d) are similar to the option-value model. The replacement ratio CDFs in plots (c) and (d) are unsurprisingly nearly vertical under the two-thirds model, with a small arch on top to capture the individuals whose replacement ratio surpasses the two-thirds mark in a one-year period. The CDFs of the optionvalue and OY models rise less steeply from 0 to 1 relative to the two-thirds model, indicating a wider distribution of replacement ratios and retirement ages.
An important finding of this section is that all three retirement decision models suggest that DC pension plan designs create a smooth, and potentially wide, distribution of retirement ages. This stands in sharp contrast to DB plan designs where workers are given sharp economic incentives to retire at particular ages owing to the non-linearity of the pension accruals (see Section 4). Since each retirement decision model assumes that financial wealth affects the retirement decision, bull markets produce earlier retirement ages while bear markets produce delayed retirement ages. The precise range of the retirement age distribution is driven by the portfolio's exposure to equities. For instance, in Figs. 2(a) and (b) , the reduced volatility of index-linked bond returns generates a narrower range of retirement ages than equities. 
Optimal and less complex
We next ask how the results of the OY model are affected if, like in the option-value model, the DC participant considers all future years in his/her retirement decision rather than only the coming year. This section finds that the retirement choice would remain the same under reasonable economic conditions, thus placing the OY model among the structural models of retirement timing, such as the original option-value model, which optimize over the entire projected lifetime consumption of the worker.
We begin in Fig. 3 by showing that the retirement choice generated by the OY model is always optimal over the projected future lifetime of the worker if he/she projects future economic variables using their long-term means and no individual-specific random effect 10 . The y-axis of Fig. 3 is the discounted utility value that a 65 year-old worker anticipates to derive from retirement at each future age -that is, E t V R (t) 11 , where (using the same notation as in Section 2):
The x-axis is the possible future retirement ages, x + R −t. Fig. 3 presents the results for three levels of accumulated DC wealth. In the first scenario, the worker's accumulated funds can purchase an immediate annuity that replaces 47% of his/her current earnings (solid line), the second scenario shows a 67% replacement (dashed line), and the third scenario shows a 87% replacement (dotted line). We choose 67% as the central value as it is the replacement ratio that would trigger retirement at age 65 based on our assumptions, and we also test a 20% change in both directions. The three curves are unimodal, indicating that the one-year rule is optimal. If the anticipated discounted utility associated with retirement at age 65 is higher than that associated with retirement at age 66, then unimodality implies that there cannot be a maximum at any later age, and therefore to retire immediately at age 65 is optimal. Alternatively, if the anticipated discounted utility associated with retirement at age 66 is higher than that arising from immediate retirement, then it is optimal to defer retirement (i.e. the maximum is later). Either way, determining the discounted utility values for ages 65 and 66 is sufficient for the plan member to make an optimal decision. We next simulated the retirement decision using the same 3,500 lifetime economic and personal scenarios for the 581 different portfolios examined in Fig. 1 . We found that the OY model nearly always generated the same retirement decisions regardless of whether the worker considers all future retirement opportunities (the modified OY model 12 ) or solely that in the coming year (the original OY model). Fig. 4 graphs the efficient frontier for both models. Although not perceptible, the efficient frontier of the modified OY (dashed line) is very slightly higher than the original efficient frontier (solid line). This occurred because the modified OY generated a later retirement age, resulting in a slight average increase of 0.001 year across the tested portfolios. For instance, of the 581 portfolios examined, the pure equity portfolio produced the highest number of mismatched retirement ages and this amounted to approximately only a quarter of a percent of the simulations Figure 3: The anticipated discounted utility value of retiring at each future year for a 65 year-old, based on three current levels of replacement ratio: 47% (solid line), 67% (dashed line) and 87% (dotted line) and the overall effect was a change of only 0.01 year in the average simulated retirement age 13 . The few exceptions occurred in scenarios where the interest rates were irregular (the vast majority of the simulations with irregular interest rates did produce, however, the same retirement age). For example, if the risk-free real rate of interest plunges, then the model would ascribe abnormally large increases to future income and pension benefits beyond the coming year owing to the implied high inflation, thus possibly generating a later retirement age in the modified OY model than the original OY model.
We also did the same test for the option-value model -that is, we investigated the effect on the retirement decision if the worker weighed the anticipated discounted utility value of retirement in only the subsequent year as opposed to all future years. We similarly found that the retirement decision was nearly always the same. This suggests that it is the age-neutral retirement incentives of a DC plan design, more than the formula specifications particular to the OY model, that removes the benefit of projecting beyond one year when determining the value of delaying retirement. An implication of this finding is that, if a worker was inclined to make far-off financial forecasts beyond one year, the age-neutral accruals of the DC plan would render the additional effort of no effect on the retirement decision.
Replacement ratio behavior under each decision model
The strict two-thirds target ignores the possibility that participants could have different income replacement thresholds depending on their changing circumstances. Although individuals expect a higher replacement ratio if they work and save longer, we believe that the minimum replacement ratio for retirement should decline with age for seniors, which we define as a person age 65 and older (see Turcotte, Liu, and Schellenberg (2006) for a discussion on the definition of "senior"). The following four arguments explain our rationale.
1. As time wears on and the constraints of aging begin to set in, such as declining health, an elderly individual could settle for a lower replacement ratio as he/she increasingly finds continuing to work more difficult. This argument is validated by the realistic existence of agerelated limitations on employment and their influence on the retirement decision (see Section 3.4 ).
2. Aging individuals could increasingly build-up their personal savings to compensate for any shortfall in their DC pension (that is, save more towards retirement than $Y (t)), particularly if their investments have witnessed bad market performance 14 . The notion that people compensate for their deficient pension with personal savings was shown in an OECD study that assessed adequacy of retirement provision across nine OECD countries (Disney, d'Ercole and Scherer, 1998) . Taking into account all sources of retirement income, they found a surprising level of uniformity between the levels of replacement ratios across the countries, despite the large differences in the composition of the retirement income packages. They suggested that individuals target a desired replacement ratio by adjusting to institutional and market constraints through such means as individual savings. There is also the possibility that, as people 13 If interest rates became negative in any simulation, we assumed that workers use 0% for projection purposes. Assuming negative interest rates when making projections would have produced some further simulated differences between the models.
14 Although this is a possibility, we did not include this potential behavior in our model. grow older and their children become independent, they are willing to sell their house and downsize their shelter as a means to make-up a replacement ratio deficit.
3. As the inclination to retire becomes stronger with age, seniors could be willing to reduce their spending so as to exit the workforce. In a recent focus group study of retirees, nearly all felt "sure they can reduce their spending if their financial situations change" (Greenwald, Bryck, and Sondergeld, 2006) . Brzozowski and Lu (2006) found that retirees have a greater ability to reduce spending than workers owing to the increased time that can be allocated to home-production and efficient shopping.
4. Finally, as seniors grow older, their expenses could also decrease since children move from home, the mortgage becomes paid-off, senior discounts exist on some goods and services, and traveling as well as other high cost leisure activities could become less feasible owing to the frailty that accompanies old age. Then again, medical expenses that are not covered by the state or private insurance could rise with the deterioration of health, suggesting the opposite effect. MacDonald et al. (2010a) ascertained that the necessary costs of living could potentially decrease with age if good health is maintained since the personal circumstances of the elderly are generally more affordable, for reasons listed above. The paper emphasized, however, that it is a senior's personal circumstances and not their age that are the primary influences on the necessary cost of living. If age-related expenses do progressively alleviate the pressure of a high income replacement, this would allow older individuals to accept lower replacement ratios to maintain their standard of living.
For advanced ages under the OY model, we find that there is an inverse relationship between an individual's minimum replacement ratio and age. Fig. 5 graphs the replacement ratio necessary to induce retirement at each age under each retirement decision model. As with the rest of this study, we use the "best estimate" projections described in Appendix B. For fund projection purposes and calculating the fair annuity value, we assume that the current rates are at their long-term means and we remove the discounted utilities' disturbance terms by letting &(t) = %(t) = 0 15 . For the twothirds model, the necessary replacement ratio is simply two-thirds. Under the other two models, it is the replacement ratio threshold that satisfies Eq. (7) = 0 (option-value model) or Eq. (14) = 0 (OY model). Under the OY model, the replacement ratio threshold increases moderately until the socially normative retirement ages begin at age 55 16 when the ratio levels somewhat for 15 years. After age 70, the required threshold begins to drop rapidly. Specifically, the pension income needed to lure a 55 to 70 year-old employee into retirement is approximately two-thirds of his/her current earnings. By age 75, a worker is satisfied with a 65.3% wage replacement in exchange for retirement (marked by an 'X' in Fig. 5 ), 56.2% by 85 and 48.4% suffices once he/she reaches age 90. On the contrary, the option-value model produces replacement ratios that rise with age over the range 33 to 78, and only falling thereafter 17 .
The fixed additive leisure component in the OY model is responsible for the inverse relationship between a senior's age and his/her minimum replacement ratio. As the expected number of future The replacement ratio required to induce retirement at each age according to the twothirds model (solid line), the OY retirement decision model (dashed line), and the option-value model (dotted line). The "X" marks the replacement ratio for age 75 in the OY model. consumption years declines, less years contribute to the summation in Eqs. (10) and (11). Consequently, an aging individual progressively gives more weight to the value of leisure by reducing the importance they place on future income. The fixed additive leisure component, therefore, explains the decline in the threshold. An alternative means to express the growing importance of leisure is to vary L with age, using either a multiplicative approach or an additive approach. For simplicity in calibrating the model to empirical data, many studies choose a fixed leisure parameter (such as the previously published studies that used the option-value model, as well as Lachance (2008)). The benefit of the OY model is that the researcher can continue to make this simplifying assumption while still capturing the theory that seniors would increasingly place more emphasis on leisure and less on the potentially greater income that could be gained by delaying retirement.
We explore the parameter values' influence on the relationship between the replacement ratio and age in Figs. 6 (OY model) and 7 (option-value model). All of the plots are on the same scale. Increasing the leisure parameter estimates for both retirement decision models has the unsurprising effect of accelerating an individual's retirement age by lowering the required replacement ratio, and vice versa, as shown in Figs. 6(a) and (b) for the OY model and Fig. 7 (a) for the option-value model. In Figs. 6(c) and 7(b), reducing " diminishes the importance of future income on the retirement decision, affecting the retirement pattern by pushing down the required replacement ratio. Increasing " produces the opposite effect. As for the risk parameter, ', we explain in Appendix B that ''s role in the retirement decision is unclear since workers project future pension benefits and working income streams deterministically and without any future risk. In Figs. 6(d) and 7(c), we find that workers bearing a lower ' than the original will drop their desired replacement ratio and consequently retire earlier. For workers with a relatively higher ', the reverse occurs. Finally, we also examine the disturbance terms' influence by testing the impact of a shift of one standard deviation in each year (positive and negative):
where s is the time since entry into the pension plan (s = 0 at age 25). In Figs. 6(e) and 7(d), the effect of including the disturbance term evenly tilts the curve up or down but does not greatly affect the shape. Taken as a whole, it appears that the retirement decision model itself is the primary dictator of the shape of the relationship between age and replacement ratio while the parameter values, within reason, bear little consequence to this relationship.
Future Work
The next step in this study would be to test the three models against empirical data, at which point the labour laws and tax and transfer systems of the country from where the data originates would need to be incorporated. For instance, the consumption stream should be calculated on an after-tax basis. Further, depending on the particulars, the OY model may need to be adapted to account for any public policy incentives to retire at particular ages (such as penalties on withdrawals of DC accounts prior to a particular age). We suggest that the analyst adjusts the model to also include in the decision the potential value of retiring in the first year that the incentive takes effect. Alternatively, if the incentives are sufficiently great that retirement prior a particular age is generally suboptimal, the analyst could assume that retirement is not contemplated until after this age, and only thereafter apply the OY model. Another relevant addition would be to include the cost of expenses and profits in the management of the DC plan, the pricing of financial assets and the purchase price of annuities. In a large scale, this could be accomplished by adjusting the financial rates of return. Lastly, when adapting the model to a particular country's population, the heterogeneity among individuals should be modeled, such as within the parameter estimates for the utility functions (the rate of time preference and the value that retiring workers place on leisure) and the retirement savings characteristics (the investment strategy, career path, contribution rate, etc.).
Conclusion
In this paper, we examine the implied underlying behavior of a DC participant who makes his/her retirement decision according to one of three retirement decision models. We first consider the two-thirds model, which assumes that a DC participant sets a two-thirds replacement ratio target and exits the workforce once that target is achieved. We next look at the popular option-value model that optimizes the decision over all projected future retirement opportunities. Finally, we develop the one-year (OY) model. This model, although similar in its use of utility functions to the option-value model, postulates that the DC participant's ability and desire to gauge future retirement opportunities is limited to the coming year. By stochastically simulating the economic variables -inflation, financial market returns and annuitization rates -we found that across all three retirement decision models the index-linked bond was the best performing asset for low-risk portfolios in terms of offering the youngest retirement age with the least amount of risk. If the member can tolerate some risk, it is in his/her best interest to invest the majority of his/her funds in equities owing to the much lower average retirement age that results from an equity portfolio. We caution, however, that our model is estimated from historical data, and the high equity premiums could potentially not continue in the future (Siegel, 2005) .
In a study that tested wealth shocks on retirement timing, Sevak (2002) This has not yet been examined in the literature" (pg. 2). The findings of our study support these assertions -that is, owing to the age-neutral pension accruals of DC plans and the implied influence of wealth on a DC participant's choice to retire within all three models, retirement is smoothly distributed over a substantial range of ages, and the magnitude of the range is a direct result of the uncertainty in the financial market (more risky investment strategies generate larger ranges).
As Lumsdaine et al. (1990) explained, empirical analysis reveals the superior model as being that which better approximates the variables that govern actual retirement behavior. In other words, the better it mimics actual retirement decisions, the better the model. Our paper is not intended to prove that the OY model is the closest approximation to actual DC retirement behavior. We would require data and a statistical analysis to make such a claim. Rather, it is to explore the implied underlying retirement behavior of each model in a DC environment. From a theoretical perspective, we found three advantages of the OY model over the option-value model:
• Its underlying theory for retirement decision-making is more feasible given the distinct features and pension drivers of a DC pension plan, where:
-Far-off financial forecasting is not worthwhile since: * future DC pension income is extremely unpredictable and * there are no age-related incentives in the pension accruals.
-Retirement prospects can generally be known with some certainty one year in advance (although a risky investment strategy could still result in a sudden and unexpected change in wealth).
• In addition to being computationally less burdensome, the OY model's retirement decisions are optimal over the worker's projected lifetime under the vast majority of scenarios (the very few exceptions being unusual financial market projections). In other words, the OY model produces the same retirement decision regardless of whether the value of immediate retirement is weighed against all future years or simply the subsequent year. The underlying reason is that DC pension plans lack financial incentives to retire or not retire at particular ages; consequently, the age-neutral pension accruals enable the worker to make an optimal decision by looking only one year ahead.
• Finally, there is a more logical relationship between the worker's decision to retire and his/her current retirement savings and age. Unlike the option-value model, the minimum replacement ratio that triggers retirement under the OY model declines with age once a worker is in their mid-sixties and begins a steep descent after age 70. We believe that this is likely the general behavior of older individuals, who would tolerate a lower replacement ratio with each passing year since:
-continuing to work could be less viable or welcomed;
-they could compensate for a deficient replacement ratio through additional personal savings or by tapping into other financial resources (such as housing equity);
-they could be more apt to reduce spending so that retirement becomes financially viable; and/or -their financial needs could decrease with age.
We also prefer the OY model to the two-thirds model because:
• The OY model assumes a realistic variety of replacement ratios at retirement.
• The OY model is forward-looking, but limits itself to the relatively certain immediate future.
As DC pension plans continue to spread and empirical data emerges, we expect future work investigating DC retirement behavior to grow. A useful area for future work would be to test the retirement decision models against empirical data.
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tions of Health and Retirement Study data on men aged 55 to 70, realized it would be troublesome to incorporate the auto-correlation of the *(s)'s from one year to the next. Similarly, Burkhauser et al. (2003) assumed that the disturbance terms were independent over people and time. Many authors, such as Stock and Wise (1990b) , estimated the option-value model with a single year's data and considered only the retirement probability in a single year, effectively removing the possibility of correlating the disturbance terms between years.
In the absence of population-level parameter estimates, we use the original firm-level estimates given in Stock and Wise (1990a) , with some exceptions as outlined below. We do some sensitivity analysis in Section 7 where we show that the results in that section are unaffected by the exact parameter estimates for ', k and " given that their values lie within the tested ranges.
The individual disturbance term plays an important role if made to follow a random walk in accordance with the original option-value model as described in Stock and Wise (1990a) . Setting ( = 1, Stock and Wise (1990a) estimated ', k, ", + * and + ) to equal 0.769, 1.665, 0.786, 10,800 and 8,100, respectively. When the model is applied in a DC environment with this set of parameter values and our economic assumptions, the simulated pattern of retirement is unreasonable. The workers are generally simulated to retire before age 30 or never at all. Owing to the auto-correlation feature, the disturbance term tends to become largely negative or positive over the career of the participant, causing it to swamp the other deciding factors in Eq. (7). High positive values for *(t) generate older retirement ages with more lucrative replacement ratios. Very negative values have the opposite effect.
The source of the strange retirement behavior is the size of the original disturbance term parameters, + * =10,800 and + ) =8,100. There are three explanations behind the large estimates. First, Stock and Wise (1990a) assumed only members above age 50 contemplate retirement. Second, although Stock and Wise (1990a) used data containing individual retirement decisions for three consecutive years, they made the simplifying assumption that the members consider retirement for the first time at the beginning of those three years. Consequently, the + * and + ) estimates incorporate the build-up of auto-correlation from all years earlier than age 50, and possible older, which could grow large in absolute terms. Finally, Stock and Wise (1990a) based their estimates of + * and + ) on actual consumption levels. In our model, the consumption levels are divided by current earnings; accordingly, + * and + ) should be divided by the average earnings to the power of '.
The first exception in following Stock and Wise (1990a) 's choice of parameter estimates is that we let + * = 0 and + ) = 0.015. The implication is that everyone at age 25 has the same circumstances with regard to retirement and that the individual random effects become more important for individuals with each passing year. In Figs. 6(e) and 7(d) at the end of Section 7, we show that the + * and + ) estimates generate a reasonable distribution of replacement ratio thresholds at each working age (that is, the lowest replacement ratio needed to satisfy E t (V t (t)) ≥ E t V R * (t) ). Within one standard deviation, the disturbance terms alone add to the OY model's replacement ratio threshold an additional 11% in both directions at age 60, and 14% at age 80. In the case of the option-value model, it adds 8% and 10%. Had we increased the + ) estimate from 0.015 to 0.05, the range would increase to 38% in both directions at age 60 and 46% at age 80 for the OY model, and 26% and 33% for the option-value model.
We find that the net effect of the parameter combination ' = 0.769, k = 1.665, " = 0.786, + * = 0 and + ) = 0.015 simulates average ages of retirement that are slightly older than the two-thirds model for each investment strategy. To make the results more comparable across the retirement decision models, while not changing our general conclusions, we increase the estimate for k to 1.9. The point of leveling the results is for fairer comparison. Our aim is to match the average retirement age and replacement ratio for a member with a 60% equity portfolio across all three models -letting k = 1.9 satisfies this condition. This is the same criteria that we apply in setting the OY model parameters. Letting L = 1.25 and k = 1.175 brings the OY model results in line with the other two models.
Setting " equal to 0.786, as was estimated by Stock and Wise (1990a) , could appear unusually low since it implies a high discount factor. Empirical evidence presented in both Samwick (1998b) and Gustman and Steinmeier (2005) showed, however, that the majority of individuals have a time preference rate above the long-term nominal risk-free rate in our model (see MacDonald and Cairns (2007) ). In fact, 33% of individuals have a time preference rate of over 15% (that is, " < 0.87), suggesting an "essentially an earn-it-and-spend-it mentality" (Gustman and Steineier, 2005, pg.451) . Second, as we note above, Section 7 tests this estimate, along with the others, and we observe that our general conclusions in that section are unchanged by a somewhat higher or lower value.
B Future Projection Assumptions for the Option-Value and One-Year Models
This appendix explains how workers form expectations of future working income and retirement benefits in our study. People in general are not financially literate (Brown, 2008) . Except for the extremely financially competent savers, calculating the full expectation of future income (E t (.)s in Eqs. (7) and (13)) is an unrealistic behavior since the individual would need to account for future risk and determine the distribution of future pension wealth, earnings and annuitization rates that could emerge from the current state of the economy and his/her circumstances. The capabilities of the average worker would suggest a less sophisticated approach and we make a realistic modification to the full expectation E t (.). While deciding to retire, we assume that individuals deterministically project a single stream of future cashflows. We let ) t (.) represent an individual's single "best estimate" or "anticipated value" of the future based on information at time t. Sections B.1 and B.2 incorporates the "best estimate" assumption into the relevant formulas.
Further, we assume that the worker projects inflation, investment returns and the cost to annuitize using the prevailing financial market risk-free bond prices. For instance, the return that a worker would expect to receive on invested funds equals the return on a currently priced risk-free zero-coupon bond with a corresponding maturity date. The pricing of bonds in the Vasicek model incorporates both the risk-free rate's long-term mean as well as its current value (see the appendix in MacDonald and Cairns (2007) for the precise formulas, the parameter estimates, the sources of data and more details of this study's stochastic asset-return and earnings model) 19 .
Annuities are priced using the following formula:
where s−t p x is the probability of survival in the next s − t years for someone aged x. P 1 (x 1 (t),t, s) is the price at time t of a risk-free zero-coupon bond that matures at time s and the stochastic state variable, x 1 (t), is the instantaneous risk-free rate of interest at time t. P 3 (x 3 (t),t, s) is similarly used 19 For an introduction to the Vasicek and other interest rate models, see Cairns (2004) .
in the upcoming equations and it is the price at time t of a zero-coupon index-linked bond that matures with CPI(s)/CPI(t) at time s, where CPI(t) is the consumer price index at time t and x 3 (t) is the instantaneous real risk-free rate of interest at time t. The nominal and real risk-free rates of interest, x 1 (t) and x 3 (t), follow the one factor model proposed by Vasicek (1977) , as do the pricing formulas for P 1 (x 1 (t),t, s) and P 3 (x 3 (t),t, s) (see MacDonald and Cairns (2007) ).
B.1 Option-value Model
We fist rewrite Eq. (7) to include the "best estimate" assumption:
In Eq. (18), the ) t (.) notation should be interpreted as "best estimate of" or "anticipated value of". We write the ≈ symbol in any formula where ) t (.) is substituted for E(.). Plan members project each of the key elements deterministically and ) t (.) is evaluated part by part:
The "best estimate" approach is reduced to determining future earnings and pension benefits:
) t (C(s)) and ) t (C R (R)) for R > t at time t (note that C R (s) and C(s) are known at time s = t). Stock and Wise (1990a) took the same approach when setting
where B s (r) was their notation for C R (s) andB s (r) represented the projected pension benefit that was calculated from the observed past and current earnings (see footnote on pg.1164 in that paper). Digressing for a moment, it is interesting that having removed any element of future risk by adopting a "best estimate" deterministic approach, the meaning behind the risk aversion parameter, ', is less clear. The "best estimate" model treats future cashflows as though they are known in advance by the workers with absolute certainty, thereby blurring the function of the risk parameter to diminish the appeal of a risky future for a risk averse individual. Regardless of the worker's level of risk aversion, his/her decision to retire is unaffected by the wide range of possible future outcomes generated by a risky investment strategy. Rather than weighing the risk attached to future cashflows, the model employs the utility functions as a means to decide between a range of deterministic streams of cashflows: one stream for each future retirement date (R ≥ t). In Section 7, we find that a slightly increased ' creates later retirement ages by raising the member's minimum replacement ratio for retirement. Likewise, lowering ' decreases the minimum replacement ratio, thus creating earlier retirement ages.
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The "best estimate" consumption during each year of additional employment, ) t (C(s)), is the anticipated earnings less the $ pension contribution (= ) t ((1 − $)Y (s))). The earnings model outlined in MacDonald and Cairns (2007) comprises of price inflation, real wage growth and merit increases. The anticipated inflation equals the implied excess return of a zero-coupon bond yielding the current nominal risk-free rate of interest (= 1/P 1 (x 1 (t),t, s)) over a zero-coupon bond yielding the current real risk-free rate of interest (= 1/P 3 (x 3 (t),t, s) ). Using the long-term real wage growth, µ 5 , as the anticipated real wage growth, the "best estimate" earnings at time s is:
) t (Y (s)) = Y (t) P 3 (x 3 (t),t, s) P 1 (x 1 (t),t, s) e µ 5 (s−t) m(s − t 0 ) m(t − t 0 ) ,
where the participant begins employment at time t 0 and m(t − t 0 ) represents the merit component of wage growth, which is a function of length of service (t − t 0 ). The "best estimate" working consumption at time s is:
) t (C(s)) = ) t ((1 − $)Y (s)) = (1 − $)Y (s) P 3 (x 3 (t),t, s) P 1 (x 1 (t),t, s) e µ 5 (s−t) m(s − t 0 ) m(t − t 0 )
The "best estimate" future retirement consumption, ) t (C R (R)), is the anticipated pension purchasable at time R (= ) t (PW (R)/ä x+R−t (R))). Since we determine each element of the "best estimate" value by parts, we can write it as:
In the numerator, the pension wealth accumulates with investment returns and contributions. Assuming the worker projects future investment returns using the return on zero-coupon bonds with a maturity date that corresponds to the contemplated date of retirement, we calculate the projected pension income at retirement with:
) t (PW (R)) = PW (t) + $Y (t)ä x 3,5 (t) R−t /P 1 (x 1 (t),t, R) and we calculate the projected annuity at retirement with:
) t (ä x+R−t (R)) =ä
where the superscript x 1 (t) inä
x+R−t (R) signifies thatä x+R−t (R) is computed using the current nominal risk-free rate of interest, x 1 (t), and the resulting yield curve. Likewise,ä x 3,5 (t) R−t is the value of an annuity certain factor with the anticipated earnings scale based on information at time t. Relying on the risk-free real interest rate (x 3 (t)), the long-term real wage growth (µ 5 ) and the merit component (m(t − t 0 )),ä 
37 Dividing the expected consumption by the current earnings in Eqs. (20) and (21), we get:
) t (C(s)) Y (t) = (1 − $) P 3 (x 3 (t),t, s) P 1 (x 1 (t),t, s) e µ 5 (s−t) m(s − t 0 ) m(t − t 0 )
